A QQ → QQ planar double box in canonical form by Bianchi, Marco S. & Leoni Olivera, Matías
Physics Letters B 777 (2018) 394–398Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
A Q Q → Q Q planar double box in canonical form
Marco S. Bianchi a, Matias Leoni b,∗
a Center for Research in String Theory, School of Physics and Astronomy, Queen Mary University of London, Mile End Road, London E1 4NS, UK
b Physics Department, FCEyN-UBA & IFIBA-CONICET, Ciudad Universitaria, Pabellón I, 1428, Buenos Aires, Argentina
a r t i c l e i n f o a b s t r a c t
Article history:
Received 9 November 2017
Accepted 12 December 2017
Available online 19 December 2017
Editor: N. Lambert
Keywords:
Massive Feynman integrals
Scattering amplitudes
Canonical form
We consider a planar double box with four massive external momenta and two massive internal propaga-
tors. We derive the system of differential equations for the relevant master integrals, cast it in canonical 
form, write it as a d log form and solve it in terms of iterated integrals up to depth four.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Differential equations are a powerful tool for solving master 
integrals [1–7]. This method received considerable boost by the 
observation that the system of differential equations can be often 
put in a canonical form, by a suitable choice of master integrals 
exhibiting uniform transcendentality [8] (see also [9] and the re-
view [10]). In such a form the solution of the differential equations 
becomes much simpler and lands on Chen iterated integrals [11]
which in many cases evaluate to harmonic [12] and Goncharov 
polylogarithms [13]. This technique has proven eﬃcient and has 
been applied in a number of contexts [14–25].
In this short note, we apply this method to a planar double 
box topology with four external massive momenta p21 = p22 = p23 =
p24 = −m2 and two internal massive propagators, all with the same 
mass m. The integral is depicted in Fig. 1. More explicitly, we con-
sider the class of two-loop integrals given by the following propa-
gators
ga1,...,a9 =
e2γE
(πd/2)2
∫
ddk1 d
dk2
P−a44 P
−a6
6
Pa11 P
a2
2 P
a3
3 P
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5 P
a7
7 P
a8
8 P
a9
9
(1.1)
where d = 4 − 2 and
* Corresponding author.
E-mail addresses:m.s.bianchi@qmul.ac.uk (M.S. Bianchi), leoni@df.uba.ar
(M. Leoni).https://doi.org/10.1016/j.physletb.2017.12.030
0370-2693/© 2017 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.Fig. 1. Momentum labels of the propagators. The ﬁgure does not include the irre-
ducible numerators P4 and P6. The thick internal lines are the massive propagators.
P1 = (k1 − p1)2 P2 = k21 +m2
P3 = (k1 + p2)2 P4 = (k1 + p2 + p3)2 +m2
P5 = (k2 − p1)2 P6 = k22 +m2
P7 = (k2 + p2)2 P8 = (k2 + p2 + p3)2 +m2
P9 = (k1 − k2)2 (1.2)
where we work in the Euclidean and we assume that a4 ≤ 0 and 
a6 ≤ 0, namely these correspond to two irreducible numerators 
of the double box. This kind of integrals arises (among others) in 
2 → 2 scattering of massive particles which can exchange massless 
non-abelian gauge bosons, such as massive quarks in QCD. Such 
a topology can also be considered as an extension of that stud-
ied in [8,15] (albeit with a different labelling of propagators and 
momenta), where the roles of two numerators/propagators have le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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model were considered in literature before, mostly in the con-
text of Bhabha scattering, using again the differential equations 
approach or evaluation via Mellin–Barnes representation [26–31]. 
On the contrary, to the best of our knowledge, the seven propaga-
tors topologies presented in this note are new in literature.
The problem has three quadratic invariants, s ≡ (p1 + p2)2, t ≡
(p2 + p3)2 and m2, giving rise to two adimensional ratios. In the 
following it proves convenient to express the integrals in terms of 
the dimensionless variables
s
m2
= (1− x)
2
x
t
m2
= (1− y)
2
y
(1.3)
which are commonly used for massive particles scattering and ra-
tionalize typical square roots arising in this context.
In the rest of the article we provide the details regarding the 
system of differential equations and the basis of master integrals of 
uniform transcendentality that allows to write it in canonical form. 
Then we cast the latter in d log form depending on letters chosen 
from an alphabet of 16. Finally we sketch the solution of the dif-
ferential equations in terms of iterated integrals, most of which 
are expressed in terms of Goncharov and harmonic polylogarithms 
(whose deﬁnition we review in Appendix A), and the procedure 
to ﬁx the integration constants. The results up to depth four are 
collected in electronic format in the ancillary ﬁle results.m.
2. Basis of master integrals
The system possesses 25 master integrals, which can be put in 
canonical form as follows:
f1 = 2 g0,2,0,0,0,0,0,2,0 (2.1)
f2 =m2 
2(4 + 1)g0,1,0,0,2,0,0,0,2
 + 1 (2.2)
f3 = s 2 g0,2,0,0,2,0,1,0,0 (2.3)
f4 = s 2 g2,0,0,0,0,0,2,0,1 (2.4)
f5 = 1
2
√
t
√
4m2 + t 2 (2g0,2,0,0,0,0,0,1,2 + g0,2,0,0,0,0,0,2,1)
(2.5)
f6 = t 2 g0,2,0,0,0,0,0,2,1 (2.6)
f7 = s2 2 g2,0,1,0,2,0,1,0,0 (2.7)
f8 =
√
s
√
4m2 + s 3 g0,2,0,0,1,0,1,1,0 (2.8)
f9 =
√
s
√
4m2 + s 3 g0,2,0,0,1,0,1,0,1 (2.9)
f10 =m2
√
s
√
4m2 + s 2 g0,3,0,0,1,0,1,0,1 (2.10)
f11 = s 2
(
3
2
 g0,2,0,0,1,0,1,0,1 +m2 g0,2,0,0,2,0,1,0,1−
−m2 g0,3,0,0,1,0,1,0,1
)
(2.11)
f12 = 2
√
s
√
4m2 + s 3 g0,1,1,0,2,0,0,0,1 (2.12)
f13 = 2
√
t
√
4m2 + t 3 g0,2,0,0,1,0,0,1,1 (2.13)
f14 = s3/2
√
4m2 + s 3 g1,1,1,0,2,0,1,0,0 (2.14)
f15 =
√
s
√
4m6 + s(t +m2)2 3 g0,2,0,0,1,0,1,1,1 (2.15)
f16 =
√
s
√
4m2 + s 3
(
g0,2,0,0,1,−1,1,1,1 −m2 g0,2,0,0,1,0,1,1,1
)
(2.16)
f17 = s
√
t
√
4m2 + t 2
(
m2 g0,3,0,0,1,0,1,1,1 −  g0,2,0,0,1,0,1,1,1
)
f18
f19
f20
f21
f22
f23
f24
f25
wh
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Q
and
βu(2.17)= 4√s + t
√
4m2 + s + t 4 g1,1,0,0,0,0,1,1,1 (2.18)
= 2 s√t
√
4m2 + t 3 g1,1,0,0,0,0,1,1,2 (2.19)
= 2m2 √s
√
4m2 + s 3 g1,2,0,0,0,0,1,1,1 (2.20)
= 1
2
s 2
[
2m2
(
m2 g1,2,0,0,0,0,1,2,1 − 2 g1,2,0,0,0,0,1,1,1
)−
− (2m2 + t) g1,1,0,0,0,0,1,1,2] (2.21)
= s
(
4m2 + s
)
4 g1,1,1,0,1,0,1,1,0 (2.22)
= s2 √t
√
4m2 + t 4 g1,1,1,0,1,0,1,1,1 (2.23)
= s3/2
√
4m2 + s 4 g1,1,1,−1,1,0,1,1,1 (2.24)
= 1
2
s 2
[
− 4m2 g0,3,0,0,1,0,1,0,1 + g2,0,0,0,0,0,2,0,1
1− 2 +
+ 2(− 4g0,1,1,0,2,0,0,0,1 + 2g0,2,0,0,1,−1,1,1,1+
+ g0,2,0,0,1,0,1,0,1 − g0,2,0,0,1,0,1,1,0 − 2m2 g0,2,0,0,1,0,1,1,1+
+ s g1,1,1,0,2,0,1,0,0 + 2m2 g1,2,0,0,0,0,1,1,1+
+ s g2,0,1,0,2,0,1,0,0
2 − 1 + 
(
g1,1,1,−1,1,−1,1,1,1−
− 2g1,1,0,0,0,0,1,1,1 + s g1,1,1,−1,1,0,1,1,1 − t g1,1,1,0,1,0,1,1,0
))]
(2.25)
ere the integrals are all normalized with a common overall fac-
 (m2)2 in order to guarantee the correct dimensions in dimen-
nal regularization. The integral topologies are depicted in Fig. 2. 
 performed the relevant reductions via IBP identities [32–35] by 
 of FIRE [36–38] and LiteRed [39,40].
The alphabet
After performing the change of variables (1.3), the differential 
ations for the system can be written as a d log form
=  dA f , A =
∑
i
Mi log(letter) (3.1)
ere the letters are chosen from an alphabet that includes the 
 of [15]
ter ∈
{
x,1± x, y,1± y, x+ y,1+ xy,
x+ y − 4xy + x2 y + xy2, 1+ Q
1− Q ,
1+ x+ (1− x)Q
1+ x− (1− x)Q ,
1+ y + (1− y)Q
1+ y − (1− y)Q
}
∪ . . . (3.2)
h the addition of four more letters, that we deﬁne
∪
{
4+ v + β
4+ v − β ,
ββv + 4+ 3v
ββv − 4− 3v ,
ββu + 4+ vβ2u
ββu − 4− vβ2u
,
((4+ v)βu + β) (β + (4+ 3v)βu)
((4+ v)βu − β) (β − (4+ 3v)βu)
}
(3.3)
 have borrowed the notation of [15] and [41] as follows
≡
√
(x+ y)(1+ xy)
x+ y − 4xy + x2 y + xy2 (3.4)
u ≡ s
4m2
v ≡ t
4m2
(3.5)
βu ≡
√
1+ u βv ≡
√
1+ v (3.6)
v ≡
√
1+ u + v β ≡
√
u v2 + (4+ v)2 (3.7)
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results.m. They are sparse matrices with non-vanishing ele-
ments which, as required, do not depend on x, y nor  .
4. The solution up to order 4
The differential equations for integrals f15 − f17 and f23 − f25
have nontrivial dependence on the letters (3.3). Integral f15 de-
velops a dependence on them at order 3; f16, f17, f24 and f25 at 
order 4 and f23 at order 5. All other integrals and those mentioned 
above up to those orders are expressible in terms of Goncharov 
polylogarithms G , which in some cases reduce to harmonic poly-
logarithms H . The deﬁnitions of these functions are recalled in 
Appendix A for completeness.
The solution can be determined straightforwardly in a recursive 
manner, order by order in  . Given the expansion of the vector so-
lution f = f (0) +  f (1) + 2 f (2) + ... and using (3.1) we have to 
recursively solve the equation df (n+1) = dA f (n) . We can integrate 
it in two steps by starting from an arbitrary base point and inte-
grating on a straight horizontal line in the (x, y) plane taking y
ﬁxed, followed by an integration on a straight vertical line taking 
x ﬁxed. This is why the analytical results we obtain can be written 
in terms of harmonic polylogarithms with argument x and Gon-
charov polylogarithms with argument y with possible x-dependent 
indexes. Since we take the starting point to be arbitrary, this proce-
dure ﬁxes the solution order by order up to an integration constant 
unknown at each order. The latter can be ﬁxed imposing physical 
conditions on the analytic structure of the result (requiring that 
only branch cuts associated to the cuts of the integrals are present) 
or comparing the results to analytic evaluations of the integrals in 
some limit, e.g. y → 1, which is regular. We have beneﬁted from 
the tools of the HPL.m package [42,43], for taking such limits. For 
instance, the result for f23 reads up to order 4
f (4)23 = 8H0(x)G0,0,0(y) + 16H1(x)G0,0,0(y) +
4
3
π2G−1,0(y)−
− 2π2G0,0(y) + 4π2G1,0(y) + 8G−1,0,0,0(y)−
3 3− 8G0,0,−1,0(y) − 8G0,0,1,0(y) + 8G1,0,0,0(y)+
+ 4
3
π2G0(y)H0(x) + 8
3
π2G0(y)H1(x) − 4π
4
45
(4.1)
where the integration constant has been ﬁxed using the infor-
mation that the master integral has a vanishing limit for y → 1. 
Similarly, the result for integral f16, at order 3 reads
f (3)16 = −G0(y)H0,0(x) − 2G0(y)H0,1(x) + H0(x)G− 1x ,0(y)+
+ 2H1(x)G− 1x ,0(y) − H0(x)G−x,0(y) − 2H1(x)G−x,0(y)+
+ H0,0(x)G− 1x (y) + H0,0(x)G−x(y) + 2H0,1(x)G− 1x (y)+
+ 2H0,1(x)G−x(y) + 2G− 1x ,−1,0(y) − G− 1x ,0,0(y)−
− 2G−x,−1,0(y) + G−x,0,0(y) − 2H−1,0,0(x) − 4H−1,0,1(x)−
− H0,1,0(x) − 2H0,1,1(x) − H1,0,0(x) − 2H1,0,1(x)+
+ 5
6
π2G− 1x (y) +
1
2
π2G−x(y) − 2
3
π2G0(y) − 4
3
π2H−1(x)+
+ 1
3
π2H0(x) − 2
3
π2H1(x) − 4ζ(3) (4.2)
Such expressions are collected in electronic form in the ancillary 
ﬁle results.m. They have been successfully checked against al-
ready available results in literature and numerical integration using
FIESTA [44,45]. In particular, they are amenable of fast and pre-
cise numerical evaluation, for instance using GiNaC [46,47].
For the integrals with a dependence on the letters (3.3), one can 
use their d log form, immediately available from (3.1) and integrate 
it from a base point in the plane (x, y) to given values of the Man-
delstam variables. We performed various consistency checks of this 
against numerical evaluations. For these we found a pedestrian nu-
merical integration with Mathematica’s NIntegrate suﬃcient. 
Nevertheless, it would be interesting to ascertain whether an ex-
pression in terms of Goncharov polylogarithms could be found for 
these integrals, which would allow for a much more eﬃcient nu-
merical evaluation.
All integrals are regular in y → 1 and can be expressed in terms 
of harmonic polylogarithms, even those depending on the letters 
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bet in this limit. We provide these limits as well in the ancillary 
ﬁle, expressed in terms of HPL’s. Some of them can be easily sim-
pliﬁed and give rise to extremely concise answers. For instance, 
integrals f24 and f25 read in this limit
f (4)24 −→y→1 2Li4x+
log4 x
24
+ 2ζ(2) log2 x+ 28ζ(4) (4.3)
f (4)25 −→y→1
1
3
log4
(
s
m2
)
− ζ(2) log2
(
s
m2
)
+ 32
3
ζ(3) log
(
s
m2
)
− 7ζ(4) (4.4)
where in the last result we restored the dependence on s
m2
instead 
of x for convenience.
5. Comments
In this note we have been able to write a differential equation 
in the canonical form for the set of master integrals associated to 
an on-shell planar double box Feynman integral with two internal 
massive propagators and massive external momenta (see Fig. 1). 
This integral is a building block for the NNLO computation of mas-
sive quark–quark scattering amplitudes with full dependence on 
the mass. While some of the subtopologies of this system had al-
ready been computed, to our knowledge, the full seven propagator 
double box is a novel result.
The particular differential equation we found for this system 
can be put in d log form such that the solution of each inte-
gral can be written in terms of iterated integrals of those forms. 
For most of the integrals, we have been able to write them up 
to depth four with the use of harmonic and Goncharov polyloga-
rithms, whose analytic properties and extensions are well known 
and are amenable of fast numerical evaluation.
It would be interesting to extend this analysis to the other 
topologies relevant for the computation of the NNLO massive 
quark–quark scattering (some of them also needed for Bhabha 
scattering with ﬁnite electron mass). Among others, double boxes 
with different massive internal propagators routing would be 
needed. It would be interesting to determine if a differential equa-
tion in the canonical form for those systems exists and if they 
could be expressed in terms of generalized polylogarithms or el-
liptic functions kick in. In the latter case the recent analysis of [48]
could provide a valuable tool.
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Appendix A. Goncharov and harmonic polylogarithms
The results of this paper are mostly expressed in terms of Gon-
charov and harmonic polylogarithms. In this appendix we review 
their deﬁnition. Goncharov polylogarithms [13] are deﬁned recur-
sively as follows
Ga1,...an (y) =
y∫
0
dt
t − a1 Ga2,...,an (t) (A.1)
whereGa1(y) =
y∫
0
dt
t − a1 , a1 	= 0 (A.2)
and for a1 = 0, the deﬁnition reads G0, . . . ,0︸ ︷︷ ︸
n
(y) = 1/n! logn y. Har-
monic polylogarithms [12] Ha1,a2,...,an (x), with indices ai ∈ {1, 0,
−1}, are deﬁned recursively as follows
Ha1,a2,...,an (x) =
x∫
0
fa1(t) Ha2,...,an (t)dt (A.3)
where
f±1(x) = 1
1∓ x f0(x) =
1
x
H±1(x) = ∓ log(1∓ x) H0(x) = log x (A.4)
and at least one of the indices ai is non-zero. When all indices are 
vanishing the deﬁnition reads
H0,0, . . . ,0︸ ︷︷ ︸
n
(x) = 1
n! log
n x (A.5)
Appendix B. Supplementary material
Supplementary material related to this article can be found on-
line at https://doi.org/10.1016/j.physletb.2017.12.030.
References
[1] A.V. Kotikov, Differential equations method: new technique for massive Feyn-
man diagrams calculation, Phys. Lett. B 254 (1991) 158–164.
[2] A.V. Kotikov, Differential equation method: the calculation of N point Feynman 
diagrams, Phys. Lett. B 267 (1991) 123–127;
A.V. Kotikov, Phys. Lett. B 295 (1992) 409 (Erratum).
[3] Z. Bern, L.J. Dixon, D.A. Kosower, Dimensionally regulated pentagon integrals, 
Nucl. Phys. B 412 (1994) 751–816, arXiv:hep-ph/9306240.
[4] E. Remiddi, Differential equations for Feynman graph amplitudes, Nuovo Ci-
mento A 110 (1997) 1435–1452, arXiv:hep-th/9711188.
[5] T. Gehrmann, E. Remiddi, Differential equations for two loop four point func-
tions, Nucl. Phys. B 580 (2000) 485–518, arXiv:hep-ph/9912329.
[6] T. Gehrmann, E. Remiddi, Two loop master integrals for gamma* —> 3 jets: the 
planar topologies, Nucl. Phys. B 601 (2001) 248–286, arXiv:hep-ph/0008287.
[7] T. Gehrmann, E. Remiddi, Two loop master integrals for gamma* –> 3 jets: 
the nonplanar topologies, Nucl. Phys. B 601 (2001) 287–317, arXiv:hep-ph/
0101124.
[8] J.M. Henn, Multiloop integrals in dimensional regularization made simple, Phys. 
Rev. Lett. 110 (2013) 251601, arXiv:1304.1806.
[9] A.V. Kotikov, The property of maximal transcendentality in the N=4 supersym-
metric Yang–Mills, in: D. Diakonov (Ed.), Subtleties in Quantum Field Theory, 
2010, pp. 150–174, arXiv:1005.5029.
[10] J.M. Henn, Lectures on differential equations for Feynman integrals, J. Phys. A 
48 (2015) 153001, arXiv:1412.2296.
[11] K.-T. Chen, Iterated path integrals, Bull. Am. Math. Soc. 83 (1977) 831–879.
[12] E. Remiddi, J.A.M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 
15 (2000) 725–754, arXiv:hep-ph/9905237.
[13] A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, 
Math. Res. Lett. 5 (1998) 497–516, arXiv:1105.2076.
[14] J.M. Henn, A.V. Smirnov, V.A. Smirnov, Analytic results for planar three-loop 
four-point integrals from a Knizhnik–Zamolodchikov equation, J. High Energy 
Phys. 07 (2013) 128, arXiv:1306.2799.
[15] J.M. Henn, V.A. Smirnov, Analytic results for two-loop master integrals for 
Bhabha scattering I, J. High Energy Phys. 11 (2013) 041, arXiv:1307.4083.
[16] F. Caola, J.M. Henn, K. Melnikov, V.A. Smirnov, Non-planar master integrals for 
the production of two off-shell vector bosons in collisions of massless partons, 
J. High Energy Phys. 09 (2014) 043, arXiv:1404.5590.
[17] M. Argeri, S. Di Vita, P. Mastrolia, E. Mirabella, J. Schlenk, U. Schubert, L. Tan-
credi, Magnus and Dyson series for master integrals, J. High Energy Phys. 03 
(2014) 082, arXiv:1401.2979.
[18] T. Gehrmann, A. von Manteuffel, L. Tancredi, E. Weihs, The two-loop master 
integrals for qq → V V , J. High Energy Phys. 06 (2014) 032, arXiv:1404.4853.
398 M.S. Bianchi, M. Leoni / Physics Letters B 777 (2018) 394–398[19] A. von Manteuffel, R.M. Schabinger, H.X. Zhu, The two-loop soft function for 
heavy quark pair production at future linear colliders, Phys. Rev. D 92 (4) 
(2015) 045034, arXiv:1408.5134.
[20] F. Dulat, B. Mistlberger, Real–virtual–virtual contributions to the inclusive Higgs 
cross section at N3LO, arXiv:1411.3586.
[21] T. Gehrmann, A. von Manteuffel, L. Tancredi, The two-loop helicity ampli-
tudes for qq′ → V1V2 → 4 leptons, J. High Energy Phys. 09 (2015) 128, arXiv:
1503.0481.
[22] J.M. Henn, A.V. Smirnov, V.A. Smirnov, M. Steinhauser, A planar four-loop form 
factor and cusp anomalous dimension in QCD, J. High Energy Phys. 05 (2016) 
066, arXiv:1604.0312.
[23] R. Bonciani, V. Del Duca, H. Frellesvig, J.M. Henn, F. Moriello, V.A. Smirnov, 
Two-loop planar master integrals for Higgs→ 3 partons with full heavy-quark 
mass dependence, arXiv:1609.0668.
[24] J.M. Henn, A.V. Smirnov, V.A. Smirnov, Analytic results for planar three-loop 
integrals for massive form factors, arXiv:1611.0652.
[25] R.N. Lee, A.V. Smirnov, V.A. Smirnov, M. Steinhauser, Four-loop photon quark 
form factor and cusp anomalous dimension in the large-Nc limit of QCD, arXiv:
1612.0438.
[26] V.A. Smirnov, Analytical result for dimensionally regularized massive on-shell 
planar double box, Phys. Lett. B 524 (2002) 129–136, arXiv:hep-ph/0111160.
[27] R. Bonciani, A. Ferroglia, P. Mastrolia, E. Remiddi, J.J. van der Bij, Planar box di-
agram for the (N(F) = 1) two loop QED virtual corrections to Bhabha scattering, 
Nucl. Phys. B 681 (2004) 261–291, arXiv:hep-ph/0310333;
R. Bonciani, A. Ferroglia, P. Mastrolia, E. Remiddi, J.J. van der Bij, Nucl. Phys. B 
702 (2004) 364 (Erratum).
[28] R. Bonciani, A. Ferroglia, P. Mastrolia, E. Remiddi, J.J. van der Bij, Two-loop 
N(F)=1 QED Bhabha scattering differential cross section, Nucl. Phys. B 701 
(2004) 121–179, arXiv:hep-ph/0405275.
[29] G. Heinrich, V.A. Smirnov, Analytical evaluation of dimensionally regularized 
massive on-shell double boxes, Phys. Lett. B 598 (2004) 55–66, arXiv:hep-ph/
0406053.
[30] M. Czakon, J. Gluza, T. Riemann, Master integrals for massive two-loop Bhabha
scattering in QED, Phys. Rev. D 71 (2005) 073009, arXiv:hep-ph/0412164.
[31] M. Czakon, J. Gluza, T. Riemann, The planar four-point master integrals for mas-
sive two-loop Bhabha scattering, Nucl. Phys. B 751 (2006) 1–17, arXiv:hep-ph/
0604101.
[32] F.V. Tkachov, A theorem on analytical calculability of four loop renormalization 
group functions, Phys. Lett. B 100 (1981) 65–68.[33] K.G. Chetyrkin, F.V. Tkachov, Integration by parts: the algorithm to calculate 
beta functions in 4 loops, Nucl. Phys. B 192 (1981) 159–204.
[34] S. Laporta, E. Remiddi, The analytical value of the electron (g-2) at order al-
pha**3 in QED, Phys. Lett. B 379 (1996) 283–291, arXiv:hep-ph/9602417.
[35] S. Laporta, High precision calculation of multiloop Feynman integrals by dif-
ference equations, Int. J. Mod. Phys. A 15 (2000) 5087–5159, arXiv:hep-ph/
0102033.
[36] A.V. Smirnov, Algorithm FIRE – Feynman Integral REduction, J. High Energy 
Phys. 10 (2008) 107, arXiv:0807.3243.
[37] A.V. Smirnov, V.A. Smirnov, FIRE4, LiteRed and accompanying tools to solve 
integration by parts relations, Comput. Phys. Commun. 184 (2013) 2820–2827, 
arXiv:1302.5885.
[38] A.V. Smirnov, FIRE5: a C++ implementation of Feynman Integral REduction, 
Comput. Phys. Commun. 189 (2015) 182–191, arXiv:1408.2372.
[39] R.N. Lee, Presenting LiteRed: a tool for the Loop InTEgrals REDuction, arXiv:
1212.2685.
[40] R.N. Lee, LiteRed 1.4: a powerful tool for reduction of multiloop integrals, 
J. Phys. Conf. Ser. 523 (2014) 012059, arXiv:1310.1145.
[41] S. Caron-Huot, J.M. Henn, Iterative structure of ﬁnite loop integrals, J. High En-
ergy Phys. 06 (2014) 114, arXiv:1404.2922.
[42] D. Maitre, HPL, a mathematica implementation of the harmonic polylogarithms, 
Comput. Phys. Commun. 174 (2006) 222–240, arXiv:hep-ph/0507152.
[43] D. Maitre, Extension of HPL to complex arguments, Comput. Phys. Commun. 
183 (2012) 846, arXiv:hep-ph/0703052.
[44] A.V. Smirnov, M.N. Tentyukov, Feynman Integral Evaluation by a Sector de-
composiTion Approach (FIESTA), Comput. Phys. Commun. 180 (2009) 735–746, 
arXiv:0807.4129.
[45] A.V. Smirnov, V.A. Smirnov, M. Tentyukov, FIESTA 2: parallelizeable multiloop 
numerical calculations, Comput. Phys. Commun. 182 (2011) 790–803, arXiv:
0912.0158.
[46] C.W. Bauer, A. Frink, R. Kreckel, Introduction to the GiNaC framework for sym-
bolic computation within the C++ programming language, J. Symb. Comput. 33 
(2000) 1, arXiv:cs/0004015.
[47] J. Vollinga, S. Weinzierl, Numerical evaluation of multiple polylogarithms, Com-
put. Phys. Commun. 167 (2005) 177, arXiv:hep-ph/0410259.
[48] A. Primo, L. Tancredi, On the maximal cut of Feynman integrals and the so-
lution of their differential equations, Nucl. Phys. B 916 (2017) 94–116, arXiv:
1610.0839.
